We propose a new method to improve density forecasts of the equity premium using information from options markets. We obtain predictive densities from a state-of-the-art stochastic volatility (SV) model, which we then tilt towards the second moment of the risk-neutral distribution implied by options prices, while imposing a non-negativity constraint on the equity premium.
Introduction
Empirical asset pricing usually employs forecasting models that are backward looking-they use past observations on a set of variables to project future asset returns. The set of variables is often motivated by economic theory-for example, macroeconomic and financial variables, such as the dividend yield or the term spread. On the other hand, derivative prices convey information about the conditional density of future outcomes and, hence, are inherently forward looking. They contain information about market expectations, and thus should be useful for improving return forecasts.
In this paper, we provide a simple procedure to blend backward-and forward-looking information to sharpen the predictive densities of the equity premium obtained from a baseline econometric model.
Our approach entails taking a given predictive density for excess returns and tilting it towards moments implied by options prices. Specifically, we proceed by extracting the variance of the risk-neutral distribution of returns from options prices, and subtracting from it a regression-based estimates of the variance risk premium to obtain a forward-looking variance estimate. In the spirit of Robertson et al. (2005) , we then rely on entropic tilting to twist the original predictive distribution towards this forward-looking variance, while at the same time imposing a non-negativity constraint on the first moment. The latter constraint has been shown to substantially improve the out-ofsample (OOS) predictability of excess returns; see Campbell and Thompson (2008) and Pettenuzzo et al. (2014) , among others. Our procedure is simple and has a low computational cost; using a few lines of code, we modify the original predictive density such that its moments conform with the additional restrictions we wish to impose.
To illustrate our method, we apply it to S&P 500 returns and to a set of industry-sorted portfolio returns. In both cases, we use a state-of-the-art stochastic-volatility (SV) model from the literature to form the baseline predictive density (Johannes et al., 2014) . We find that tilting the baseline density using our procedure significantly improves the OOS predictability of stock returns both in terms of statistical and economic measures of forecasting accuracy.
Our paper contributes to a rapidly growing literature that looks at the role of option-implied information in improving forecasts. In particular, several papers show that option-implied volatility can predict future realized volatility as well as the equity premium; see for example, Szakmary et al. (2003) and Bollerslev et al. (2009) . We make two contributions to this literature. First, we provide a highly flexible non-parametric method for incorporating option-implied moments into baseline forecasts. Second, we work with density forecasts, whereas the bulk of the existing literature incorporates option-implied moments among the predictors in a point forecasting regression; see Altigan et al. (2015) for a recent example. Finally, it is worth noting that our method can be easily extended to higher moments, such as skewness and kurtosis, which have received increased attention recently in empirical asset pricing (Young Chang et al., 2013) .
The remainder of the paper is organized as follows. In Section 2, we describe the entropic tilting procedure, along with our approach to constructing the model-based predictive densities for the equity premium. Our approach for removing the variance risk premium from the variance of the risk-neutral distribution implied by option prices follows. Section 3 presents our main results, and Section 4 focuses on OOS statistical and economic performance. Finally Section 5 provides some concluding remarks.
Entropic Tilting for Equity Premium Forecasting
Entropic tilting is a highly flexible non-parametric method to change the shape of a distribution to incorporate additional information about a random variable of interest. Such additional information may come in the form of moments and this is the approach we follow here. In what follows, we start from the predictive density implied by a state-of-the-art stochastic-volatility (SV) model from the asset pricing literature. We then use entropic tilting to alter this baseline distribution to incorporate moment restrictions derived from options prices and economic theory.
We begin by first outlining the general entropic tilting method and our approach to incorporating the moment-based information from the options markets into a baseline predictive density. Next, we describe the econometric model we use to produce the baseline density forecasts. We conclude this section by describing our approach to removing the variance risk premium from the risk-neutral variance we derive from option prices.
General Method
Let p r t+1 |D t denote the baseline predictive density for the equity premium r t+1 with D t being the information set available at time t, and t = 1, ..., T − 1. The econometrician is assumed to have additional information about a function g(r t+1 ), which was not used to generate the baseline predictive density. This additional information takes the form of moments of g(r t+1 ) such that
(1)
For example, g(r t+1 ) may represent quantities such as the mean, g(r t+1 ) = r t+1 , the variance, g(r t+1 ) = (r t+1 − E[r t+1 ]) 2 , or higher moments of the predictive distribution; see Robertson et al. (2005) for a very informative exposition. The information could be in the form of moment restrictions implied by economic theory, such as Euler conditions in Giacomini and Ragusa (2014) , or could be coming from survey forecasts and model-based nowcasts as in Altavilla et al. (2014) and Krüger et al. (2015) .
Generally, the expected value of g(r t+1 ) under the baseline distribution will not equal g t g(r t+1 )p r t+1 |D t dr t+1 = g t .
Thus, by transforming p r t+1 |D t so that (1) holds, we sharpen the baseline predictive density.
To implement the method, consider N random draws from the baseline predictive distribution p r t+1 |D t . We denote these draws with r i t+1 N i=1 , where each draw is associated with a weight π i = 1/N . We construct a new set of weights {π * it } N i=1 that represent a new predictive density that is as close as possible to the baseline and also satisfies the moment restriction implied by (1).
Following a standard approach in the literature, we use the empirical Kullback-Leibler Information Criterion (KLIC) to measure the distance between the baseline and the new predictive density 1
The objective is to find new weights that minimize (3) subject to the constraints
where the last constraint may be viewed as the Monte-Carlo approximation to the moment restriction in (1) using the language in Cogley et al. (2005) . 2 The implied first-order conditions are given by
with µ t and γ t being the Lagrange multipliers associated with the adding-up and moment constraints. The new weights are then given by
As a result, the baseline weights are tilted in an exponential fashion via (6) to generate the new weights. The tilting parameter γ * t can be found by solving the minimization problem
In our case, we use the variance of the risk-neutral distribution for the equity premium, as implied by the option markets, to distort the baseline predictive distribution p r t+1 |D t so that its dispersion, as captured by V ar r t+1 |D t , resembles that of the option implied risk-neutral distribution. It is the forward-looking aspect of the options market that serves as the source of new information and is also the novelty in our approach. In addition, we follow the recent literature on stock return predictability (e.g., Campbell and Thompson, 2008; Pettenuzzo et al., 2014) and further impose a non-negativity constraint on the first moment of the tilted predictive density. In the spirit of Robertson et al., we incorporate restrictions that could in principle be built directly into the forecasting model in a manner that is less demanding computationally.
Baseline Predictive Densities
There is ample evidence pointing to time variation in both the conditional mean and volatility of the return distribution; see, for example, Rapach and Zhou (2013) and Andersen et al. (2006) .
Accordingly, we rely on the following model with time-varying first and second moments to produce the baseline predictive density p r t+1 |D t of the monthly equity premium
where h τ +1 represents the log-volatility at time τ + 1, x τ denotes a (vector of) lagged predictor(s), and u τ +1 ∼ N (0, 1). We further assume that the log-volatility h τ +1 follow a stationary and meanreverting process and depends on lagged intra-month information in the form of realized volatility
where RV τ denotes the realized volatility at time τ , computed by summing the squared daily returns within month τ , |λ 1 | < 1. Note also that u τ and ξ s are mutually independent for all τ and s.
We estimate the parameters in (8) using Bayesian methods. Following standard practice in the Bayesian literature (Koop, 2003) , the priors for µ and β in (8) are assumed to be normal
For the hyperparameters b and V , we set aside an initial training sample of t 0 observations to calibrate them (e.g., Primiceri, 2005; Clark, 2011) and proceed as follows
where
Our choice of b in (11) reflects the prior belief that the best predictor of stock returns is the average of past returns. Therefore, we center the prior intercept on the historical average of the excess returns, while we set the prior mean on the slope coefficient(s) to zero. Furthermore, the scalar ψ in (11) controls the tightness of the prior (ψ → ∞ corresponds to a diffuse prior on µ and β). We specify rather uninformative priors and set ψ = 1.0e 6 .
We also require priors on the sequence of volatilities, h t = {h 1 , ..., h t }, and the SV parameters λ 0 , λ 1 , λ 2 , and σ 2 ξ . Decomposing the joint probability of these parameters and using (9), we have
To complete the prior elicitation for p h t , λ 0 , λ 1 , λ 2 , σ −2 ξ , we choose priors for λ 0 , λ 1 , λ 2 , the initial log volatility h 1 , and σ −2 ξ , from the normal-gamma family
and
We set k ξ = 0.1, v ξ = 10, and k h = 10. These choices restrict changes to the log-volatility to be roughly equal to 0.3, on average, and place a relatively diffuse prior on the initial log-volatility state.
Following Clark and Ravazzolo (2015) , the hyperparameters are as follows: m λ 0 = m λ 3 = 0, m λ 1 = 0.9, V λ 0 = V λ 3 = 0.25, and V λ 0 = 1.0e −4 . This corresponds to setting the prior means and standard deviations for the intercept and RV coefficient to 0 and 0.5, respectively. As for the AR(1) coefficient, these choices imply a prior mean of 0.9 with a standard deviation of 0.01. Overall, these are informative priors that match the persistent dynamics in the log volatility process.
We estimate the model in (8)-(9) using a Gibbs sampler that lets us compute posterior draws for µ, β, h t , σ −2 ξ , λ 0 , λ 1 , and λ 2 . These draws are used to compute density forecasts for r t+1
where Θ = µ, β, σ −2 ξ , λ 0 , λ 1 , λ 2 contains the time-invariant parameters. The Online Appendix of the paper contains details on the Gibbs sampler and the computation of the integral in (17).
Removing the Variance Risk Premium
We capitalize on the literature that has demonstrated the predictive power of implied volatility for future realized volatility; see Jorion (1995) and, more recently, Szakmary et al. (2003) , among others. The basic argument is that implied volatility-inferred from options data as in our casecan be perceived as the market's expectation of future volatility and, hence, it is a market-based volatility forecast (Poon and Granger, 2003) . The feature of the implied volatility that is particularly appealing for a forecasting exercise like the one undertaken here is that it is inherently forward-looking. 3
In the presence of a variance risk premium, the implied or risk-neutral variance is a biased estimate of the variance of the physical predictive density. Economic agents dislike the uncertainty of future variance and, in equilibrium, command a premium for accepting this risk, which gives rise to the variance risk premium. Bollerslev et al. (2009) provides strong evidence of variance risk premia in financial assets. Thus, we first remove the variance risk premium from the risk-neutral variance before tilting the baseline predictive density p r t+1 |D t towards it.
Letû P,t+1 denote the forecast error from the baseline physical predictive distribution at time t + 1 obtained following the approach in Section 2.2
where E r t+1 |D t is the posterior mean of p r t+1 |D t . The posterior variance of the predictive distribution is σ 2 P,t+1 ≡ V ar r t+1 |D t . From options prices, we can compute the variance of the risk-neutral distribution, σ 2 Q,t , which differs from σ 2 P,t+1 by the variance risk premium V RP t+1
We assume that the variance risk premium is such that the following holds
Because the log squared forecast error is a noisy measure of log σ 2 P,t+1 , we can estimate α and β using a regression of log u 2 P,τ +1 on log σ 2 Q,τ , where τ = 1, ..., t − 1. Thus, we tilt the predictive distribution towards a variance given bŷ
which implies that the variance risk premium is
An alternative and more computationally demanding approach to incorporate forward-looking information into return forecasts would be to adapt a GARCH-type model such as the MEM of Engle and Gallo (2006), the HEAVY of Shephard and Sheppard (2010) , or the realized GARCH of Hansen et al. (2012) . This adaptation would entail replacing realized volatility with a measure of implied volatility and developing an approach for handling the variance risk premium. 4
Empirical Results
We obtain the data necessary to generate the density forecasts in (17) from Goyal and Welch (2008) and Rapach et al. (2016) . End-of-month stock returns are computed from the S&P500 index and include dividends. A short T-bill rate is subtracted from stock returns to obtain the monthly excess returns. Overall, we consider a set of 14 popular predictor variables from Goyal and Welch, augmented with the short interest index (SII) introduced by Rapach et al. 5 Our sample starts in January 1973 (t = 1) and extends to December 2014 (t = T ), as in Rapach et al.
We begin by computing the baseline predictive densities for the equity premium using (17) and, one by one, all 15 of the predictors considered. To explicitly denote the dependence of the predictive density in (17) on predictor i, we write p r t+1 |M i , D t , where i = 1, ..., K and K=15. Next, to generate the predictive densities, we start in January 1990 (this is the first month when the VIX series becomes available) and proceed in a recursive fashion using an expanding-window approach until the last observation in the sample. 6 This process yields 15 time series of one-step-ahead density forecasts-one for each predictor-between January 1990 and December 2014.
Moments
To assess the degree of time variation in the excess return volatility implied by our econometric model, the top panel of Figure 1 plots the monthly excess return volatility implied by the SV model in (8)-(9) over the full estimation sample, January 1973 to December 2014. We plot the volatility series for a single predictor, the earnings-price ratio (EP), noting that the series provided here are very similar across the 15 predictors. The blue solid line depicts the posterior mean of exp (h t ), t = 1, ..., T , while the dashed red lines show the 5th and 95th percentiles of its posterior distribution. The volatility hovers around 5% per month, but it spikes in 1975, after October 1987, and during the recent financial crisis.
As a comparison, the bottom panel of Figure 1 provides a time series plot of the end-of-month values of the Chicago Board Options Exchange (CBOE) Volatility Index (VIX). We use VIX to summarize the risk-neutral volatility of the S&P 500 returns, that is, σ 2 Q,t+1 . In 1993, the CBOE introduced VIX, originally designed to measure the market's expectation of 30-day volatility implied by ATM S&P 100 Index (OEX) option prices. In 2003, CBOE together with Goldman Sachs updated the methodology and formula for VIX. The new VIX is based on the S&P 500 Index (SPX) and estimates expected volatility by averaging the weighted prices of SPX puts and calls over a wide range of strikes and its values are available back to January 1990. Setting aside the very prominent spike in October 2008 around the peak of the most recent financial crisis, the risk-neutral variance is highest during 1997-2003, a period of well-documented turmoil in financial markets (Bloom, 2009 ). Events during this period include the Asian crisis (Fall 1997), the Russian Financial Crisis 
Entropic Tilting
We use the entropic tilting approach described in Section 2.1 to modify each of the baseline predictive densities, such that their variances match the corresponding option implied risk-neutral variance-adjusted using (21) to remove the variance risk premium-and their means are nonnegative. Setting aside the period January 1990 to December 1994 to estimate the first variance risk premium, our final OOS period is January 1995 to December 2014. 7
In Figure 2 , we show the first two moments for the tilted and the baseline distributions over the OOS period for the model in which EP is the predictor. Starting with the top panel, the two mean 7 We obtain our estimates for the i−th variance risk premium by regressing the log squared forecast error implied by the i−th baseline predictive density, p (rτ+1|Mi, D τ ), on the the log squared VIX using (20) and an expandingwindow approach, where τ = t0, ..., t − 1. Thus, the estimated variance risk premium for each forecast month comes from a regression using data from January 1990 through the previous month. The slope parameterβ in (20) averages about 1.25 in these regressions. We refer the reader to the Online Appendix for additional details.
series track each other very closely, except for the early part of 2009 when we see a big dip in the mean of the baseline return distribution but not in its tilted counterpart, an immediate consequence of the fact that we impose the non-negativity restriction on the mean of the tilted distribution.
The bottom panel shows that the volatility of the baseline distribution generally exceeds that of the tilted distribution, except for 2000 -2003 -2011 . For example, in December of 2008 the volatility of the tilted distribution is close to 0.15 while its baseline counterpart is around 0.07.
Overall, the shape of the tilted predictive densities exhibits much more variation over time compared to its baseline counterpart. For example, if we focus on the far left tail of the distributions, the 1% quantile for the baseline density forecasts is between -0.176 and -0.112, while that for the tilted density forecasts is between -0.365 and -0.032. In the case of the far right tail of the distributions, the 99% quantile for the baseline density forecasts is 0.123-0.171, while that for the tilted density forecasts is 0.042-0.406. Similar conclusions are drawn by looking at the shoulders of the two distributions.
The empirical KLIC defined in (3) gauges how much the baseline density is altered by the tilting procedure. That is, small values of the empirical KLIC signify agreement between the baseline predictive model and outside information, while large values signify disagreement. 8 As a practical matter, large discrepancies also serve as warnings about the accuracy of statistics computed from the tilted densities. In fact, a large KLIC value implies that the distribution of the weights is highly skewed, with many draws from the baseline density being ignored and a few draws becoming highly influential. The average KLIC for the entire OOS period is 0.17, which is within the range of rates. This is the example that gives rise to the largest KLIC value reported in their paper (0.66), and-according to Cogley et al. -these values can serve as benchmark for aggressive twisting given that the consumption-CAPM is known to fit the data poorly. In our case, although the KLIC achieves some of its largest value in [1995] [1996] [2004] [2005] [2006] [2007] , and also in 2009, its annual averages never exceed 0.6 in any of these years. In summary, it appears that for the largest part of out sample, the twisting of the baseline distributions is not excessively aggressive.
Out-of-Sample Performance
In this section, we examine whether the approach introduced in Section 2 leads to more accurate equity premium forecasts, both in terms of statistical and economic criteria. As with previous studies, such as Goyal and Welch (2008) and Campbell and Thompson (2008) , we measure the predictive accuracy relative to the historical average (HA) model, which assumes constant expected excess returns. However, since all the models we consider in this study allow for time-varying volatility, we augment the HA model to also include this feature and label it HA-SV. The reader should note that the HA-SV benchmark corresponds to the model in (8)-(9) when β = 0. 10
Statistical Forecasting Performance
We consider several evaluation metrics for both point and density forecasts. Starting with pointforecast accuracy, we follow Campbell and Thompson and summarize the predictive ability of the various models over the whole evaluation period by reporting the OOS R-squared for the forecasting model associated with each predictor k
where m+1 denotes the beginning of the forecast evaluation period (January 1995) and bcmk refers to the HA-SV benchmark. The additional subscript d ∈ {baseline, tilted} allows us to distinguish between the baseline and the tilted densities associated with predictor k. Furthermore, e kd,τ and e bcmk,τ denote the time τ forecast error for the baseline or tilted, and the HA-SV benchmark densities, respectively. We obtain point forecasts to compute the forecast errors in (23) by averaging over the draws from the corresponding predictive densities. A positive R 2 OOS,kd indicates that the 10 For consistency, the HA-SV model is estimated using priors analogous to those we used with the various predictors. In particular, we slightly alter the prior on (µ, β) to impose a dogmatic "no predictability" prior on β = 0, while using the same priors for h t , λ0, λ1, λ2, σ −2 ξ . point forecast associated with the baseline or tilted densities for predictor k is more accurate than the HA-SV benchmark forecast.
To quantify the accuracy of density forecasts, we follow Amisano and Giacomini (2007) and report the average log score difference
where LS kd,τ and LS bcmk,τ denote the time-τ log predictive scores of the baseline or tilted densities, and the HA-SV predictive density, respectively. The logarithmic score gives a high value to a predictive density that assigns a high probability to the event that actually occurred. Hence, a positive ALSD kd value indicates that, on average, the SV model with predictor k is more accurate than the HA-SV benchmark in predicting the outcome of interest.
To test the statistical significance of differences in point and density forecasts, we consider Diebold and Mariano (1995) (DM) tests of equal predictive accuracy using mean squared forecast errors (MSFEs) and average log scores (ALSs), respectively. We perform two DM tests. First, we test whether the improvements in the MSFEs or the ALSs for the baseline densities relative to their HA-SV benchmark counterparts are statistically significant. Second, we test whether the improvements in the MSFEs or the ALSs for the tilted densities relative to their baseline counterparts are statistically significant. In both cases, we use standard normal critical values and incorporate the finite sample correction due to Harvey et al. (1997) . 11
The top panel of Table 1 pertains to point forecasts. Columns (1) and (2) (2) indicates that the tilted forecasts perform better than the baseline forecasts in terms of MSFEs generating a higher R 2 OOS . Furthermore, the two asterisks (**) next to the same entry indicate that the tilted forecasts are significantly better than their baseline counterparts at the 5% using a DM test for their MSFE differences. The lack of an asterisk next to the entry in column (1) for the same predictor indicates that the baseline forecasts fail to be significantly better than the HA-SV benchmark forecasts. Analogous notational conventions hold for the other combinations of predictors and OOS periods in the table.
In the case of baseline point forecasts for the full OOS period, we observe negative R 2 OOS values for all predictors except the short interest index (SII), whose superior forecast accuracy relative to the HA-SV benchmark is significant at the 10% level. These results are consistent with the findings of Rapach et al. despite the fact that our OOS period is slightly shorter. Although tilting leads to R 2 OOS improvements for 9 out of 15 predictors (3 of them are significant at 5%), it fails to produce positive R 2 OOS values for all predictors except for SII. However, it appears that tilting has a mild negative impact on the overall point-forecast predictability for this particular predictor; note the lower R 2 OOS value for the tilted forecasts.
The bottom panel of Table 1 reports the ALSDs for the baseline and tilted density forecasts for each of the 15 predictors we considered. Over the full OOS period, SII is the only predictor for which the ALSD associated with the baseline density forecasts is positive. However, this single positive value is not statistically significant at conventional levels. The remaining ALSDs lie between -0.009 for DP and -0.001 for the three-month T-bill rate (TBL). Our tilting procedure delivers a substantial improvement in the ALSDs for all predictors. The resulting improvement is statistically significant at the 1% level on the basis of the DM test on the ALSs. We now see ALSDs ranging between 0.128 for net equity expansion (NTIS) and 0.151 for SII.
To see how point-forecast performance changes over time, we compute the cumulative sum of squared forecast error difference (CSSED)
e 2 bcmk,τ − e 2 kd,τ , t = m + 1, ..., T.
A positive CSSED kd,t indicates that the point forecasts associated with the baseline or tilted predictive densities for predictor k are more accurate than their benchmark HA-SV counterparts up to time t. We also examine how the density-forecast performance changes over time using the cumulative log-score difference (CLSD)
If the baseline or tilted density forecast for predictor k is more accurate than the HA-SV benchmark during the entire OOS period, then the corresponding CLSD line is monotonically increasing.
Conversely, episodes with the density forecasts of predictor k being less accurate than the HA-SV benchmark generate dips in the CLSD line. We conclude this section by investigating the stability over time of the point and density forecasts.
In particular, we perform two separate analysis. First, we separately report the R 2 OOS and ALSD statistics for two different parts of the OOS period. The first part, January 1995-December 2006 (OOS I), predates the global financial crisis. The second part, January 2007-December 2014 (OOS II), surrounds the recent crisis. We also report the results of the Giacomini and Rossi (2010) fluctuation test for the baseline and tilted density forecasts in terms of mean squared forecast error differences (MSFEDs) and ALSDs.
We begin with the results in columns (4)- (7) of Table 1 . Similar to the full OOS results, tilting leads to improvements in R 2 OOS for both OOS periods I and II. The gains are generally larger for OOS period I. The tilted R 2 OOS values are higher than their benchmark counterparts for 9 out of the 15 predictors; the improvements in 5 cases are statistically significant. Turning to period OOS II, we notice that the baseline point forecasts imply a positive R 2 OOS value in several instances, ranging between 0.116 for the long-term rate of return (LTR) and 4.198 for SII. In this case, the improvement due to tilting the first moment of the baseline densities is limited to 5 predictors only, with the most notable one being the long-term yield (LTY), where we see an increase from 0.198 to 0.280 that is statistically significant at the 5% level. Moving to the bottom panel of Table 1 , we find that the effect of tilting on the density forecast accuracy for periods OOS I and OOS II is highly comparable to the full OOS period. In every instance, the ALSD values for the tilted densities are higher than their baseline counterparts, and in all instances the differences are statistically significant at the 1% level.
Next, Figure 4 plots the results of the Giacomini-Rossi (GR) fluctuation test for the baseline and tilted densities, both in terms of MSFEDs and ALSDs. For the baseline densities, we test the null hypothesis that the baseline and the HA-SV densities have equal predictive performance over every 5-year centered window in our OOS period. The alternative hypothesis is that the baseline densities perform better. For the tilted densities, we test the null hypothesis that the tilted and baseline densities have equal performance. The alternative hypothesis is that the tilted densities perform better. We test these hypotheses for each of the 15 predictors. As a result, the maximum number of rejections reported is 15. Figure 3 , which shows that the CLSD is quite flat until 2002. In sum, the improvement in density forecasts is consistently strong in the final two thirds of the OOS period and is not driven by a few isolated events.
Economic Performance
Up to this point, we have focused on the statistical performance of the baseline and tilted predictive densities. In this section, we turn to their economic performance. We posit a representative investor using these predictions to make optimal portfolio decisions, taking parameter uncertainty into consideration. 12
In particular, our interest lies in the optimal asset allocation of a representative investor facing a utility function U (ω t−1 , r t ) with ω t−1 denoting the share of her portfolio allocated into risky assets, and r t being time t equity premium. 13 The representative agent solves the optimal asset allocation problem ω * t−1 = arg max
with t = m + 1, ..., T . She is assumed to have power utility of the form
where r f,t−1 is the continuously compounded T-bill rate available at time t − 1, and A is the coefficient of relative risk aversion. The subscript t − 1 on the portfolio implies that the investor solves the optimization problem using information available only at time t − 1. The power utility 12 Our discussion follows closely Kandel and Stambaugh (1996) and Barberis (2000) . Parameter uncertainty is accounted for in the Bayesian framework because the parameter posterior distribution is integrated out of the predictive density of returns (see equation (17)).
13 Given the availability of density forecasts as opposed to just point forecasts, we are not restricted to rely on a mean-variance utility function, and we can focus on functions with better properties such as the power utility. The power utility avoids the major limitation of the mean-variance utility, namely, that investors care only about the first two moments of returns. Furthermore, it is well known that mean-variance portfolio optimization is consistent with expected utility maximization only under special circumstances. Sufficient conditions include quadratic utility or elliptical return distributions. See, for example, Back (2010) . function exhibits the useful property of constant relative risk aversion (CRRA). Moreover, the optimal portfolio weights do not depend on initial wealth.
Taking expectations with respect to the predictive density of r t , we can rewrite (27) as follows
The integral in (29) can be approximated using draws from the competing predictive densities.
Specifically, using the HA-SV predictive density, we can approximate the solution to (29) , and the following expression
Similarly, using kd with d ∈ {baseline, tilted} to denote either the baseline or the tilted density forecasts for predictor k, we can approximate (29) via ω kd,t−1 = arg max
The sequence of portfolio weights { ω bcmk,t−1 } T t=m+1 and { ω kd,t−1 } T t=m+1 are next used to compute the realized utilities under the HA-SV, baseline, and tilted densities. Let W bcmk,t and W kd,t be the corresponding realized wealth at time t, where W bcmk,t and W kd,t are functions of time t realized excess return, r t , as well as the optimal allocations to the risky and risk-free assets computed in (30) and (31)
Following Cenesizoglu and Timmermann (2012) , we assess the performance of the predictive densities by calculating the implied annualized certainty equivalent return (CER) values for the OOS period as follows
where U bcmk,τ = W 1−A bcmk,τ /(1 − A) and U kd,τ = W 1−A kd,τ /(1 − A) denote the time-τ realized utility associated with the HA-SV and the baseline or tilted predictive density of predictor k, respectively.
Finally, we compute the certainty equivalent return difference for predictor k using
Table 2 reports the annualized CERD estimates associated with the baseline and tilted density forecasts for all predictors considered. For the remainder of our discussion here, we will refer to the former as baseline CERDs and we will refer to the latter as tilted CERDs. As in Table 1 , we separately report results for the entire OOS period as well as for the two shorter periods, January CERDs for all 15 predictors considered. Across the 15 predictors, the average baseline CERDs is -0.69%, and the individual CERDs range between -3.439% for the default spread yield (DFY) and
3.256% for SII. On the other hand, the average tilted CERDs is 1.21%, ranging between -1.197%
for DFY and 4.384% for SII. This corresponds to an average annual CER increase of 190 basis points (bps). For 1995-2006, the tilted CERDs exceed the baseline ones for all but two predictors, with an average improvement over the baseline CERDs of 118 bps. During this period, we find positive tilted CERDs for 10 of the 15 predictors, with the largest gains, 3.075%, associated with 14 We compute the optimal portfolio weights for the CRRA investor using the approximation in Equation 2.4 of Campbell and Viceira (2002) . Additionally, we restrict the portfolio weights to lie between -0.5 and 1.5 as in Rapach et al. (2016) . We have also experimented with tighter bounds on the portfolio weights, ruling out short-selling and leverage (that is, ωt ∈ [0, 1)), as well as fully unconstrained portfolio weights. The results from these experiments are qualitatively very similar to the main results we report in Table 2. the default return spread (DFR).
For the OOS II period, we find that once again the CERDs exceed the baseline CERDs for all 15 predictors. The average CER improvement from the baseline to the tilted densities is close to 300 bps, with the tilted density forecasts giving rise to CER gains as high as 8.579% in the case of SII.
Similar results and improvements occur in the case of A = 5, where the average CER gains one would obtain by switching from the baseline to the tilted densities become 178 bps (1995) (1996) (1997) (1998) (1999) (2000) (2001) (2002) (2003) (2004) (2005) (2006) (2007) (2008) (2009) (2010) (2011) (2012) (2013) (2014) , 120 bps (OOS I period), and 262 bps (OOS II period).
The top two panels of Figure 5 plot the time series of equity weights for the monthly portfolios based on the EP and SII baseline and tilted densities, along with the equity weights implied by the HA-SV benchmark densities. While the HA-SV equity weights are relatively stable, ranging between 0.5 and 1, the baseline and tilted equity weights exhibit more variation. This is especially true during the late 1990s and right after the financial crisis. The tilted weights are generally larger than the baseline and benchmark ones, which means that the tilted densities tend to imply larger equity positions. This is particularly the case during the late 1990s and the mid 2000s when we tilt towards lower volatility. The bottom panels of the same figure show the corresponding log cumulative wealth for the three portfolios, computed using (32). By and large, the wealth generated by the tilted density forecasts lies above the baseline and benchmark counterparts, a pattern that is consistent throughout the whole OOS period, and in line with CER gains reported in Table 2 .
Industry-Sorted Portfolios
We also investigate the performance of our entropic tilting method when applied to industry-sorted portfolios focusing on the following five industries: Consumers, Manufacturing, High-Tech, Health, and Other. 15 Although there is a vast literature examining the OOS predictability of U.S. aggregate returns, the analysis of OOS return predictability for industry portfolios is relatively rare; exceptions include Huang et al. (2015) and Pettenuzzo and Ravazzolo (2016) . In terms of the predictors, we use market-wide measures of bond yields and inflation, and we construct industry-specific dividend price ratios, dividend yields, and realized volatilities.
We start by modifying the baseline specification in (8)-(9) as follows:
where τ = 1, ..., t − 1, j = 1, ..., 5, r j τ +1 is time τ + 1 monthly excess return for industry j, x j τ is one of the industry predictors, and h j τ +1 denotes the log-volatility of returns at time τ + 1. Similar to (9), we assume that the log-volatility h j τ +1 follows a stationary and mean-reverting process and further depends on lagged intra-month information in the form of realized volatility estimates:
where RV j τ denotes the realized volatility of returns for industry j at time τ , computed by summing the squared industry daily returns within month τ , |λ j 1 | < 1, and u j τ and ξ j s are mutually independent for all τ and s. 16
To generate the volatility statistics that we tilt towards, we continue to use the VIX. This reveals a useful feature of our approach, namely that the options market from which the implied volatility is extracted need not match the asset that is being predicted. The projection in (20) allows us to map VIX to the industry volatility. 17
The top panel of Table 3 shows the baseline and tilted ALSDs, relative to the corresponding industry's HA-SV benchmark, by industry, for each of the 10 predictors considered. For the Consumer, Health, and Others industries, the tilted ALSD is positive and significantly better than the baseline at the 1% level. For the Manufacturing and High-Tech industries, although the tilted ALSDs are positive, they fail to be significant at conventional levels in most instances. The baseline ALSDs have both positive and negative signs and generally fail to be significant at conventional levels for all combinations of industries and predictors considered.
The bottom panel of Table 3 shows that for the case of A = 3 the tilted densities deliver superior CER gains for the majority of combinations of industries and predictors. The tilted CER gains lie between 0.339% for the Consumer industry using LTR as a predictor to 6.120% for the Manufacturing industry using DFR as a predictor. Tilting, however, seems to be quite detrimental for the High-Tech industry overall, and especially when using DP and DY as predictors. This result arises because volatility in the technology sector increased far above its typical value relative to the VIX during the dot-com frenzy. As a result, tilting the High-Tech distribution using the VIX works very poorly during this period. Overall, although our method performs well, when there is a mismatch between the options market used to obtain the implied volatilities and the asset being predicted, there are exceptions to our method's performance.
Conclusions
The paper introduces a novel approach to sharpen density forecasts for the equity premium using information from the derivatives markets in a time-series setting. We tilt predictive densities from a state-of-the-art stochastic volatility model in the empirical asset-pricing literature towards the second moment of the distribution implied by option prices, while imposing a non-negativity constraint on the mean of the resulting density. Tilting augments the backward-looking information in the baseline models with forward-looking information from the options in a straightforward manner that is not computationally intensive. Using monthly density forecasts for the S&P 500 and a number of industry-sorted portfolios between 1990 and 2014, we show that tilting significantly improves both the statistical and economic predictability of stock returns. Although improvements in forecasting the equity premium using information from the derivative markets have been previously documented, they have been limited to point forecasts, incorporating option-implied moments among predictors in forecasting regressions. Extending our method to higher moments, such as skewness and kurtosis, which have been receiving increased attention in empirical asset pricing, as well as longer investment horizons is a research agenda worth pursuing, especially as more options data become available. Manufacturing High-Tech Health Others (1)
(2) (3) (4) (5) (6) Note: The table reports the average log score differences (ALSDs) in (24) and the annualized certainty equivalent return differences (CERDs) in (34) for 5 industry-sorted portfolios following the industry definitions at http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/datalibrary.html. All forecasts are out-of-sample using recursive estimates for 1995:01-2014:12. See the notes of Table 1 for the predictor nomenclature. Bold numbers indicate all instances where the ALSDs and the CER gains for the tilted densities exceed the ALSDs and CER gains for the baseline densities. For the ALSDs, the asterisks indicate statistical significance at 10%(*), 5%(**), and 1%(***) levels, using the Diebold and Mariano (1995) tests discussed in Section 4.1. We use HA-SV to refer to the historical-average model augmented with stochastic volatility. (25) using the earnings-price ratio (EP) as a predictor. CSSEDs above zero indicate that the baseline and/or tilted densities generate better predictions than the historical-average with stochastic volatility (HA-SV) benchmark densities. Negative CSSED values suggest the opposite. The bottom panel shows the cumulative log score differences (CLSDs) in (26) using the same predictor. CLSDs above zero indicate that the baseline and/or tilted models generate better performance than the HA-SV benchmark. Negative values suggest the opposite. All forecasts are out-of-sample using recursive estimates for 1995:01-2014:12. The gray shading identifies NBER recessions. The top two panels of the figure show the time series of equity weights in (31) of the monthly portfolios for the earnings-price (EP) and the short-interest index (SII) baseline and tilted densities, along with the equity weights from the historical-average with stochastic volatility (HA-SV) benchmark. We compute the optimal allocation to stocks and T-bills based on the predictive density of excess returns. The investor is assumed to have power utility with a coefficient of relative risk aversion A=3 in (28) 
